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Abstract—Considered the issues of a heavy quadcopter control automation. A mathematical model of the
dynamics of motion of a quadcopter is proposed, taking into account the effect of inertia of the change in
the speed of rotation of the lifting rotors. The model reveals the dependences of aerodynamic forces and
moments acting on a quadcopter. For the purpose of simplification, it is proposed to use
mathematical model of only an isolated pre-linearized longitudinal motion of a quadcopter for research.
The use for automatic control of a quadrocopter is substantiated not by PID, but by PD-regulation.
Variants of control laws are proposed that exclude the influence of the inertia effect on the dynamics of

control loops.

Index Terms—Quadcopter; lifting rotors; the rotor rotation speed; control inertance; control forces and

moments; control laws.

I. INTRODUCTION

A quadcopter (QC) is an unmanned aerial vehicle
with four lifting rotors. Unlike a helicopter, which
uses a swashplate for control, which changes direc-
tion of the lifting rotor thrust, and the total pitch and
adequately the magnitude of the rotor thrust, in QC
the thrust direction relative to the body and the pitch
of the rotor blades are unchanged.

To change the flight altitude, the QC synchron-
ously changes the rotation speed and, accordingly,
the magnitude of the thrust of all four rotors. And for
horizontal movement, QC changes its angular orien-
tation (roll and pitch angles), while the horizontal
components of the rotor thrust change, and the ve-
locity vector QC rotates in the horizontal plane. To
change the roll and pitch angles, the corresponding
control moments are created by changing the speeds
of rotation of different rotors. To compensate for the
reactive moments of the rotors, the opposite direc-
tion of rotation of individual pairs of rotors is used.
Changes in the speeds of rotation of these pairs dis-
tort the condition of compensation and create a con-
trol yaw moment. Thus, the control of QC is reduced
to the control of the rotor rotation speed, which
greatly simplifies the design of the control system.

At present, QC are used quite widely and varied-
ly, but this use is limited mainly by modes of "ma-
nual” remote control from the operator's console.
However, the task of developing and researching an
automatic control system that makes it possible to
implement an autonomous flight of QC is now be-
coming very urgent.

When solving such problems in the dynamics of
movement of miniature QC, the change persistence
in the rotational speed of the rotor is usually ignored.
However, there is also "heavy" QC [2], the total
weight of which is about 15 ... 20 kg and which have
massive lifting rotor blades with a large span
(length). For example, the Airborg H8 drone has a
propeller span of almost two meters. Naturally, the
inertance of change in the speed of rotation of such
rotors (inertia of control) can significantly affect the
quality of control processes QC.

1L PROBLEM STATEMENT

The purpose of this work is to develop a mathe-
matical model of QC and to study the effect of the
time delay of the change in the lifting rotational
speed of the rotor (inertia of control) on the dynam-
ics of automatic control loops QC.

The mathematical model of QC should be simple
enough for research; therefore, when obtaining it,
the following assumptions are made:

e the quadcopter is a rigid body with constant

inertial-mass characteristics;

e the axes of the bound coordinate system (CS)
of the quadcopter coaxial with the principal
axes of inertia;

e the gyroscopic moments of the engines and
lifting rotors are not keep in mind,

e the Earth is flat, does not rotate or move in in-
ertial space;

o the wind is considered as external disturbance.
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III. PROBLEM SOLUTION

The equations of motion of QC can be obtained
from the basic laws of classical mechanics, which in
vector form have the form [4]:

av -

m—=F, 1
= (1)
Ak -

=M, 2
pr (2)

here m is the mass of QC; V is the airspeed vector;
F is the vector of forces acting on QC; K is the
angular momentum vector; M is moments acting on
QC.

By projecting vector equations (1) and (2) on the
axis of the bound CS, according to the rule of diffe-
rentiation of a vector given in a moving CS (Boer's
rule), we obtain a differential equation system de-
scribing the spatial motion of QC as a rigid body
with six degrees of freedom.

m (Vx +o,V, —ooZVy) =F,
m (Vy +o,V, —oaxVZ) =F,,
m (VZ +ol, - oany) =F, 3)

K. +0 K -0.K, =M,
K,+0.K -0K =M,
K, +oK, -0k =M,

In the bound CS, the equation of moments is
simplified, since in that case, the centrifugal mo-
ments of inertia I, /., L, are equal to zero, and the
projections of the angular momentum on the axis of

the bound CS take on a simple form:

K =1 o ,

X X X
Ky =10, 4)
K =lLo_

where I, I,, I. — axial moments of inertia; o,, ®,, ©.—
the projection of the angular velocity vector of QC
rotation on the axis of the bound CS.

Taking into account (4), the equation of moments in
(3) will have the following form:

Loy +(1,-1,)o,0,=M,,
Lo, +(I,—1,)0,0, =M, ®)
Lo, +(1, =1, )o,0, =M.

But it is more expedient to write the equations of
forces in a nonrotating normal CS OX,Y,Z,. In nor-
mal CS, the OY, axis is directed upward along the
local vertical, and the direction of the OX, and OZ,
axes is selected in accordance with the task. In the
absence of rotation, the equations of forces in (3)
take the form:

mng: xg
mVy :Fyg,
mV, =F, .

Zg Zg

Let us supplement this system with equations de-
scribing changes in the speeds of rotation €4 and,
accordingly, changes in the magnitudes of the thrust
T4 of four main rotors:

Ju)Qi = Msh.’
T :cTQf,

1

i=1..4

where J,, are moments of inertia (equal for all ro-
tors); (Msh‘ =M

cont; _Mloadi) are moments on shafts

of lifting rotors; [M cont (”i)] are moments of con-

trol u; created by rotor motors; |:Mloadl- (QI-,Vyg )}

are load moments on shafts of lifting rotors; c¢r is
the thrust coefficient of each rotor, which depending
from its geometric characteristics and from the air
density p, i.e. from the flight altitude H. With an
increase in the speed of climb, the angle of attack of
the rotor blades decreases, therefore, the thrust coef-
ficient also decreases. With oblique blowing of the
rotors, the thrust coefficient increases. Thus, the
thrust coefficient is a function ¢, = f(H, Vo'V,,)

Complementing the obtained equations with ki-
nematic and geometric relations, as well as equa-
tions describing the trajectory motion of the center
of mass, we obtain a closed system of equations de-
scribing the spatial motion of QC.

However, some problems of the research of con-
trolled QC movement can be fulfilled using mathe-
matical models of only isolated longitudinal or only
isolated lateral movement.

The closed system of equations describing the
longitudinal motion of QC can be extracted from the
complete system of equations provided that the lat-
eral motion parameters, as well as the roll and yaw
control actions, are equal to zero. Then the system of
equations describing the isolated longitudinal motion
of QC is reduced to the form:
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mV, =F,_,

Lo.=M.,

$=0w.,

Yg =H =Vsin®,

Xg =V cos®,

Tl =M i=1.4
T=c,

Expanding the right components of the equations
of forces, we note that the change in the components
of the flight speed ng and V,, occurs under the in-

fluence of the components of the thrust force
i=4

T =)_T; (control actions), gravity G, as well as the
i=1

aerodynamic drag force of the fuselage QC and the

blade-swept area of the lifting rotor.

Fuselage drag compared to the aerodynamic drag
force of the blade-swept area of the lifting rotor is
small, it is 3...5% of the thrust, so in the mathemati-
cal model it can be neglected.

The drag force vector of the blade-swept area of
the rotors R is opposite to the airspeed vector of QC.
The value of R is proportional to the swept area of
the rotors S, air density p and the square of the speed
V and depends on the angle of attack of the plane of
the rotor o, which is understood as the angle be-
tween the plane of rotation of the rotor and the pro-
jection of the airspeed vector on the plane of sym-
metry. Since the QC moves in any direction in the
air, the angle of attack of the rotors can vary range
+180°.

Thus, the projections of the force vector on the
axes of normal CS have the form:

F =T(H,Vx Y, )sins—R(H,V,a)sin@),

Eg = T(H,ng ,Kg )cosS—G —R(H,V,a)cos0,
where O is the angle of trajectory obliquity.

Airspeed V' and angular parameters ® and o can
be obtained from the relations:

y
V= [sz +V2 G):arctgﬁ, oa=9-0.
& Vg Vs
4

The components of the moment M, acting on the

QC are:
o the control moment M,(u), which is created by
the difference between the rods of the front T

and rear 75 rotors — M _(u)=(T,-T,)!, (I is
the distance from the rotor axis of the lifting
rotor to the center of mass QC);

e the moment of own aerodynamic damping

MA(,).

For the purpose of further simplification, the QC
model can be linearized using control effects as in-
puts and center of mass coordinates and angular
coordinates as outputs. As an unperturbed (pro-
grammed) motion, it is advisable to choose a rectili-
near horizontal flight with a constant speed, assum-
ing that the pitch angle is equal to the angle of at-
tack.

It was on this model that studies were carried out
on the influence of the inertance of the QC automat-
ic control loops. Matlab Simulink software environ-
ment was used for mathematical modeling.

For automatic control of the QC motion, PD-
control based control loops were used. And this is
natural, since the P-controller makes the control sys-
tem oscillatory, and when using the PI-controller,
the system can become unstable. When trying to im-
prove the precision characteristics of the system at
the expense of PID-control, problems arise when
working out the specified values of the control pa-
rameters (significant overshoot).

Any synthesis method can be used to determine
the coefficients of the PD-controls. In this case, rea-
soning from the desired transition time, the synthesis
method which based of modal control was used [3].
For the synthesis, we used simplified models of the
vertical velocity channel and the channel of longitu-
dinal progressive and angular motion. The simplifi-
cations ignored counterbracing between the chan-
nels, and also did not take into account the inertia of
changing the speed of rotation of the lifting rotors,

that is, the governing force T'(uy,)=(T)+T,) and
moment M _(ug)=(T,—T,)! formed instantly. In
expressions for forces and moments uy,, ug - control

actions formed according to the control laws of the
PD-controllers

Uy, :KH(H_Hset)+KVyVy9
Ug :KS(S_SSCt)+KOJZO)Z‘

Here KH,KVy,KS,K are coefficients of the PD-

wz

controls; H,,

tude and pitch angle.

Matlab Simulink software environment was used
for mathematical modeling. When experimentation
from the mathematical model was excluded and then
reintroduced the relations describing the change in
the rotational speed of the lifting rotors. Simulta-

9, are set point values of flight alti-
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neously, the playback dynamics of the set point val-
ues of the flight altitude and the pitch angle by syn-
thesized control loops was simulated.

The simulation results (Fig. 1) show that the
inertance effect of control is especially pronounced
in the pitch angle control loop and manifests itself in
an increase of the transient process oscillativity.

25
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Fig. 1. Results of modeling the inertance effect of
the lifting rotors rotation speed change on the dynamics
of the automatic control loops of QC

Efforts to eliminate this effect by increasing the
portion of the damping signal leads to the fact that
an exponential component appears in the transient
process, on which the oscillatory component is supe-
rimposed (curve 1 in Fig. 2).

The paper proposes to eliminate the inertance ef-
fect of control by introducing a forcing component
K oz (p+1)/(0.1p+1) into the signal circuit of the

angular velocity sensor. The result of such a correc-
tion of the control law is demonstrated by curve 2 of
the transient process in Fig. 2.

IV. CONCLUSIONS

The proposed mathematical model of a quadcop-
ter adequately describes the processes of the iner-
tance effect of the lifting rotors rotation speed
change. The proposed variants of control laws elimi-
nate the influence of the control inertance effect.
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M. K. ®inamxkin. JlocaiizkeHHs: ANHAMIKM KOHTYPiB aBTOMATHYHOI0 KEPYBaHHS Ba:KKOro KBaJpoKonTepa
Po3rinsiHyTo mnTaHHS aBTOMAaTH3allii KepyBaHHS Ba)KKUM KBaJPOKONTEPOM. 3alpOIOHOBAHO MaTEMaTH4Hy MOJENb
JTUHAMIKH pyXy KBaJpOKOIITepa, IO BpaxoBye e(eKT iHepuiiHOCTI 3MiHM IIBUAKOCTI OOEpPTAaHHS HECHUX T'BHHTIB. Y
MOJIETTI PO3KPHTI 3aJIEKHOCTI aepOJMHAMIYHMX CHJI 1 MOMEHTIB, IIO JiIOTh Ha KBaJPOKONTEP. 3 METOI CIIPOIIEHHS
JIOCITI/PKEHb TIPOITOHYETHCS BUKOPHCTOBYBAaTH JUISi MOJEJIOBAHHS TIIBKM MaTeMaTW4HY MOJENb 130JbOBAHOTO,
ToTepeTHBO JITHEaPU30BAHOTO MT03/I0BKHBOTO PYXY KBaapokonTepa. OOIpyHTOBaHO BUKOPUCTAHHS ISl aBTOMAaTHYHOT O
kepyBaHHs kBajpokonrepa He IIIJ[-, a II/I-peryaroBaHHsi. 3amnpollOHOBaHO BapiaHTH 3aKOHIB KEPYBaHHs, SKi
BUKJIIOYAIOTh BIUTUB €EKTY IHEPIIHHOCTI Ha JUHAMIKY KOHTYpiB aBTOMaTHYHOT'O KEPyBaHHSL.

KaroudoBi ciioBa: kBajpokornTep; Hecydi TBUHTH; HIBUAKICT OOEpTaHHS I'BHHTA; IHEPUIWHICTh KEpPYyBaHHSI; Kepyroui
CHJIM i MOMEHTH; 3aKOHH KEPYBaHHSI.
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H. K. ®Ouasmxun. HWccaenoBaHue [JUHAMMKH KOHTYPOB aBTOMATHYECKOr0 YNPABJICHHS TSMKEJIOro
KBa/IPOKONTEpa

PaccMmoTpeHsl BOMpoCkl aBTOMAaTH3allUM YIPABICHHSA TSXKEIbIM KBajapokonTepoM. llpennokeHa MaTeMmaTudeckas
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JUHAMHKY KOHTYPOB aBTOMaTHUYECKOTO YIIPABIICHUS.
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