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GEOMETRIC PROBABILITY AND AVERAGING 

OF BOUNDARY POTENTIALS 

Khomchenko A.N., Al-Dawoud Kamal 

Summary. This article offers a simple probabilistic approach to the problem of restora-

tion harmonic function in the two dimensional case. The authors have used the approach for ex-

tending the geometric probability to finite difference method (FDM) and finite element method 

(FEM). The probabilistic formulation is shown to be the equivalent of Privalov's theorem for 

harmonic functions. Probabilistic models give us a complete picture of the nature of discrete ap-

proximation. 

Introduction. The history of the development of stochastic geometry began with the fa-

mous Buffoon's needle problem, which was formulated and solved by him in 1733 and later pub-

lished in 1777 [1]. It was the beginning of a new trend in the theory of probability. The Buffoon's 

work contained the main ideas of the future method of Monte-Carlo (1949) which were used to 

evaluate the number by throwing a needle at random. In the problems of this kind it is reckoned a 

priority that random points are distributed uniformly in a certain area. Buffoon's problem is con-

vincing proof of the penetration of geometric ideas into the theory of probability. Since its be-

ginning and up to the present, the theory of probability has always been some kind of consumer 

towards the rest of mathematics. The connection of the other part of mathematics with the theory 

of probability is realized by means of the principle of semiconductivity. In so doing the theory of 

probability absorbs freely the latest achievements of other chapters of mathematics. The reverse 

tendency is not readily available. This article gives the examples of reverse movements of ideas 

of probability into applied mathematics. 

Formulation And Solution. A two-dimensional net for FDM is shown in fig. 1. For 

nodes we set: 0(0;0), 1(0;-1), 2(1;0),...,8(-1;1), then circumradius: r=1, R= 2 . Circumference 

plays an important role in theory of potentials (harmonic functions). Privalov I. (1925) devised a 

simple definition for harmonic function:  

C

dlU
2

1
)0;0(U ,

(1)

where C  - circumference;  - circumradius; U(0;0) – value of function ),(U  in circumcen-

tre; U  - value of function ),(U  on boundary; dl  – element of boundary. 

The result is important in the study of potential theory. The authors have used this for-

mula (1) for extending results to discrete elements. It should be observed that 2dl  is the 

geometric probability and U(0;0) is mathematical expectation of function U . We use formula (1) 

to construct FD and FE analogs. It is well known that these cases all come under the above gen-

eral treatment. Discrete FD analog can be received directly using (1) and geometrical probability 

(fig. 1). For example, the first principal scheme ( 1): 

4

1i

i0 U
4

1
U)0;0(U , (2)
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The second principal scheme ( 2 ):

8

5i

i0 U
4

1
U . (3)

Naturally, something is lost in the passage from integral to the integral sum. It is a defi-

ciency FDM. As one might expect for FDM, the mean boundary values are independent circum-

radius . A moment's consideration shows that (2), (3) is discrete analog the Laplacian operator. 

We now have equivalent definitions for the harmonic function: differential (Laplacian), integral 

(Privalov's theorem) and discrete representation (formulas (2), (3)). Another consequence of 

Privalov's theorem is the classic polynomial interpolation of FEM. We now consider the squares 

1234 and 5678 (fig.l). In the side of the geometric probability we receive bilinear interpolation 

on the element with 4 nodes. 

Fig. 1 Two-dimension net for FDM and FEM 

Let ),(M  - arbitrary interior point of square 1234. Through point, M we draw line pair 

which parallel to sides of a square 1234. The interpolation is normally a polynomial function of 

position, and built up from a set of polynomials with each one associated with a particular node. 

These functions are termed "shape functions", ),(Ni  for node i with the basic property [2]: 

.nodesotherallat0),(N

,inodeat1),(N

i

i

     (4) 

In fact, ),(Ni  is probability of hit in rectangular region opposite an angle i. For exam-

ple,

22
1 1

4

1
),(N

M

O

P

1

2

3

4

5 6

78
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On the whole 

.4,2ifor,1),)1((
4

1
),(N

,3,1ifor,1),)1((
4

1
),(N

i
22

ii

i
22

ii

Similarly ( ),(P  – arbitrary interior point of square 5678): 

.8,7,6,5i,1,),1)(1(
4

1
),(N iiiii

Now we can construct the mathematical expectation: 

4

1i

ii ,U),(N),(U (5)

8

5i

ii .U),(N),(U (6)

It should be observed that (5) (6) is generalization (2), (3). In special case 0 , 0

(5) and (6) is transform into (2) and (3). 

Concluding Remarks. Functions ),(Ni  are to be interpreted as transitional probabili-

ties in the scheme of random walks. Such the approach is generalization of the Muller’s scheme 

[3].

In general, when all boundary nodes have determinate values, harmonic function at ),(

is given by the sum: 

m

1i

ii ,U),(N),(U

where m – number of the boundary nodes; ),(Ni  – transitional probability; iii U),(U .

The probabilistic modeling in the problems of mathematical physics and applied geome-

try has developed most intensively in recent decades. The limits of applicability of probabilistic 

models are being constantly expanded. More and more often probabilistic tooling allows us to 

simply obtain the results that require complex calculations and considerations when using other 

approaches.

-

. -

- ,

. -

.
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:

V(t) = V  + (I + A + A
2
 + ... + A

t
)

T
·P0    (1) 

  I -  n×n;

A –  n×n; 

T – ,  t – ;

V  = (v1 , v2 ,..., vn ) – ;

P0 = (p10, p20,..., pn0) – ;

V(t) = (v1(t), v2(t),..., vn(t)) –  t.  

,  (1), 

.

,  ( ) .

,

.

.

.

 3 . 2. 

=0; =0.5; =0.1 =-0,5; =0.0; =-0.25

. 3 

 [3] ,

, -

. . -

 – =(X1,X2,...,Xk,...,Xm).

 Xk [ck, dk].

.  (n×n). 

 Xk ,

. =( 1, 2,…, i,…, n).
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 f(x)=max(| 1|,| 2|,…,| i|,…,| n|). -

 f(x)  Xk [ck, dk]; .

f(x)=max(| 1|,| 2|,…,| i|,…,| n|) min    (2) 

 Xk [ck, dk]       
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, .
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 ( , , ).

, .

-
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=F1( , , );
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=F3( , , ).
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Authors have proposed the distance learning processes mathematic simulation method.   

Simulation is based on using of weighed oriented graphs. The article contains model example 

and some results of model researching. Elaborated method can be used for designing intelligent 

distance learning systems.  
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Questions of modelling of components of process of the control of knowledge in the 

computerized systems of training (CST) are considered. Models of system of an estimation of 

knowledge and models of tests are analysed. The model of the test for a subsystem of the control 

of knowledge CST in which characteristics of the test are taken into account, and model of sys-

tem of an estimation of knowledge in view of the purposes of the control is offered. As a model 

CST the model of adaptive system is offered, and as a model of a trained person - theoretical-

information model. 
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The entrance and exitable variable quantities of the process of red mad thickening were 

picking out, and the dependencies between them were formed, and also the resulting system of 

equations are the mathematic model of red mad thickening process are presenting in the article. 

The control results in conformity with the mathematic model of red mad thickening process are 

presenting in it. 
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In theory the choice of basic parameters of foamglassis for maximal defence from the elec-

tromagnetic radiation is grounded. It is shown experimentally, that the basic parameters of foam-

glassis are set on the stage of their preparation. As a model of adjusting of parameters chose bar-

ium-bor foamglass. 
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For direct contact membrane distillation process the mathematical model of dynamics 

which takes into account distribution of temperature of streams in a longitudinal and cross-

section direction is offered. Adequacy of mathematical model of process is checked up. Results 

of calculations have shown an opportunity of use of model for the purposes of control.
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The article is devoted to increase of reliability and adequacy of models at creation of sys-

tems of the automated processing the statistical data. The carried out realization of the offered 

circuits in the developed program system of the automated processing signals which contain re-

sults of supervision over process which occurs in time.
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 1. 

 (0;0;0) 

- -
-

- -

1 0,0426 -0,25 11 0,0422 -0,25 

2 0,0556 0,25 12 0,0547 0,25 
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4 0,0550 0,25 14 0,0539 0,25 
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3 alternative models of stationary temperature field in a cube are presented. They are sta-

tistical, analytical and grid. A statistical model is constructed with Monte Carlo averaging of 

temperature. An analytical model is constructed with polynomial interpolation. A grid model is 

constructed with finite – difference analogue of differential equation of Laplace. 
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In the work given the mathematical model of a dynamic error new dynamically - adjusted 

gravimeter aviation gravimetrical systems is received. 
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In the given article the basic principles of construction of municipal geographic informa-

tion systems are considered, the basic requirements to construction of such systems are formu-

lated, use of the strategic approach to municipal management is offered. 
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In the article the method of dynamic geometric range searching and programming environ-

ment for real-time geoinformational complexes situation analysis are described. The effective-

ness of described and Bently trees and exhaustive search methods are compared.  
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In the given work the basic ways of an estimation of quality of allocation of regions of 

images on color similarity are considered and comparison of the statistical hierarchical 

agglomerative algorithm developed by the author with the most used among statistical 

algorithms k-means algorithm is resulted. 
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In the given article the problem of reception of precise borders of the distributed 

temperature fields of researched objects is considered, the structure of scanning system and 

mathematical model describing the functioning of the given system are given. 

1. . ., . ., . . -

 / . . . .; . - .

. . . — : . , 1989. — 176 .

2. . // . — 1996. —  6. — . 6-7. 

3. . ., . . -

 — " - ", 1970, N 10. 



-

  ISBN 7-776-8361-7 130

4. : . -

/ . . , . . , . . .; . . . . . — 

.: , 1988. — . 275—277. 

5. Genéve R. Introduction á la thermographic medical. — "Acta Electronica", 1969, 

Vol. 12, N 1. 

6. . . . . — .: .

, 1978. — . 217—218. 

7. . . . -

. — .: , 1966. — . 238—241. 

8. . ., . ., . . -

 // 

. — 2002. — 3(16). — . 242—245. 

9.  " -

"  RU 2239215 C2, -7 – G 02 B 26/12. : . .,

. ., . . . 27.10.2004. . 30.

10. . ., . ., . . -

 // -

 " ".  6. ' . — 

: , 2002. — . 45—46. 

11. . . . . — .: , 1978. — .

108—109.

12. . . , . . . . — .: ,

1985. — . 297—298. 

13. . . , . . , . . .

. — .: , 1989. — . 14—

19.

14. . . : . / . . . .

— .: . ., 1986. — . 308—309. 

15. . . , . . . -

. — .: , 1979. — . 52—59. 

16. . . , . . . - -

. — .: , 1979. — . 16—20, . 2-1. 

17. . . — .: , 1978, — 414 .

18. . . - . — .: -

, 1980, — 390 .

19. — / . . , . . ,

. . ; . . . . — .: , 1987. — . 22—25. 

20. . ., . ., ., . . -

. — .:  " +", 1999. — 306 .

21. . ., . ., . ., . ., -

. ., . . -

 //  VI -  "

'2003".  30. — : , 2003. — . 32—34. 



-

, 2004, 2  131 

 534.442:534.78 

. .

.

.

,

, ,

. -

 ( ). -

 [1]. 

:

,

,

,

.

.

.

 ( . 1) :  – -

' ;  – ; -

 – .

. 1 

,

(
)

 ( -
, )

-

( ) (N- )

( / )

-



-

  ISBN 7-776-8361-7 132

-

, . -

. -

'

 ( ) – 

.

.2.

. 2 

NM
WX , ,

. -

, , -

 ( , ),

.

,  W , , -

 W . 

. ,

XWP i :

XP

WPWXP
maxargXWPmaxargW

ii

W
i

W

.    (1) 

, ,

XWP i .

iWXP , X -

 W . 

WP -

,

W . 

V/1WP , V - . iWXP

, -

 W , X .

. -

, Ŵ -
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The opportunity of application of wavelet-transformation for speech signal representation 

is considered. Basic idea of wavelet-transformation consists in decomposition of researched 

signals on two components - approximating and detail, and such representation is possible both 

in terms of frequency and time.  
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In the given article the opportunity and aspects of construction of measuring devices of 

electrical capacity are considered, the principle of construction of digital measuring devices with 

a linear scale of measurements is proposed and the circuit of resonant device measuring 

electrical capacity is given. 
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The task of optimization of control by technological process of reception ferroceramic 

products and their thermomechanical processing is considered. The approach of the decision of a 

task of optimum nonlinear heating with restrictions on thermotensions and the greatest tempera-

ture is offered.
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For device of the gasification of brown coal by a method of half-coking with circulating 

fluid stratum the structure of a two-level hierarchical loop system of handle for solution of the 
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number on the effectiveness of the useful signal  extraction is shown.
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Opportunities of economic realization deciding statistics the first and second order for 

problems of detection of a signal in conditions of clutters from the unknown by a covariance ma-

trix are considered. It is shown, that application of lattice structures allows to reduce the quantity 

of calculations. 
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The task of transfer function synthesis of the linear digital frequency-dependent secon-

dary converter under frequency characteristics is considered at the set restrictions. Ways of its 

decision are offered and is shown, that use of the elementary device in cascade-connected with 

the corrector simplifies its decision.
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In article the feasibility of the computer-controlled management systems of drainage 

facilities of collieries surveyed on the basis of a specialized telecommunication network of the 

class fieldbus is considered. The simulation analysiss of designed algorithm of a 

telecommunication exchange for handle of a drainage was conducted. 
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The article is devoted to research of static properties of subsystems of integrated 

alternative system heat supplying in an independent mode and at a combination that allows to 

choose the concept of management to create the basic circuit of regulation of quantity of heat, to 

choose the necessary equipment, to create the software, to realize automatic control system of 

integrated alternative system heat supplying. 
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To methods of mathematical modelling it is proved, that the coordination of speeds of 

working shaft with unequal diameters of rolling in one cage it is possible to provide for the ac-

count gear-type a differential cage due to application of local electric drives on each working 

shaft which will be coordinated on capacity to homogeneous specifying influences. 

1. . : -
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The article is devoted to problems of acceptance of decisions and creation of effective 

control systems by the enterprise. 
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In article the structure of a technological complex of manufacture of beer is resulted and 

mathematical models of processed in the given technology are described. Possibility of their use 

is shown in problem of the automatisation. 
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Considered problem of recognition of optical images and scenes at uncertainties of condi-

tions of presenting the input images  and outraging in the space of original. In the base of work 

approved method to input information flow compensations. Main problem of method is con-

cluded in realization of input converter information, allowing judge on the correspondence input 

signal standard. Shown that as a sensor in the system possible use neuron network with the input 

signal, modulating matrix of weights, herewith input vector is generated as a line of standard. 
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Given article is denoted to questions, appearing when making the automatic systems of 

recognition of defects fabric. Offered and analysed the system structure, as well as considered 

using a method to information flow compensations for tested  fabric with the complex printed 

drawing.

1. . . .  : . . - .: , 1989.-487 .,

2. . ., . ., . ., . .

  // , . .

- 1998, 2. . 93-100.

3. . ., . ., . ., . ., . .

’

.  30433 ,  G06  9/00, 4707484/SU; .

15.11.2000 ., .  6-11

4. . . :

: 05.13.07.- -

. 1996. –150 .

5. . .

 / : , 2000. – 131 .



,

, 2004 2 261 

 62.52:621.86 

. .

: , , , -

.

, -

. -

, , -

.

-

: 1. , ,

, -

, , ,

– .

. 2. 

,

 – . -

, . 3. 

,

.

, , , -

, , -

- , -

, .

, , , ,

, .

, .

, -

, , -

. , ,

, -

.

 [1 – 3]. 

- , , -

, -

. -

 ( -

), , ,

. -

-

.

- , ,

, ,

. -

, , , , -



,

  ISBN 7-776-8361-7 262

 – , . -

 –  « » (« -

») , -

 ( ) . -

, , -

 (« ») ,

 « »

. , , -

, . . .

, -

, ,

, , ,

,

. ,  « » ,

 ( ),

. , -

, .

.

, -

, , -

.  –  [4], 

,

 (« ») .

 – -

, -

.

, -

, -

 ( ) ,

. . ,

 « »

. , , - 

, , . . -

.

, , -

,  [2]: 1) -

 (i- )  «m»  – 

i
R ; 2)  «n» -

,  – R (j); 3)  - -

 – R :

m

1j

2
m

1j

(j)r
m

1
(j)r

1m

1

i
r

100

i
R ii , n1,i ; m1,j ;                   (1) 

n

1i

2

i
rr

i
r

1n

1
100(j)R i , n1,i ;                            (2) 



,

, 2004 2 263 

m

1j

n

1i

2

i
r

n

1i

(j)
i

M(j)
ii

r
1n

1

m

100m

1j

jR
m

100
R .      (3) 

, , , -

:

1) , , -
.

. 1. -

, -

.

.

i
i-

Ui
Mi (j) -

ri

j

jM
i

1
i

. 1. ,

,

 ( ),

, :

i

1
jii MrjM ,                                                    (4) 

j
i

 -  ( ) -

,  i- -

 ( n1,i ), ir , 

 j- j
i

. .

2) , ,
.

. 2. , -

, ,  [2]. 

i
i-

Ui

Mi (j) -
ri

j

jM
i

1

iMi (j)

Zi
-1 

jM
1-i

1

i

. 2. ,

,

(  Z
–1

)



,

  ISBN 7-776-8361-7 264

, -

 i- ,  i-

 j- -

:

jMjMrjMjMjM
1i

1
ii

1i

1
iii .                           (5) 

3) ,

-
 ( ). -

. 3. ,  (j- )

 i-  )j(M
i

Mi(j – 1) = )1j(M
i

 - )1j(M
i

 (j-1) 

. .

 ( )

 ( )  i- .

1jMjMrjMjM ii

1i

1

ii .                                     (6) 

i
i-

Ui

Mi (j) -

j

jM
i

1

i

Zi
-1 

jM
1-i

1

i

Z(i-1)j
-1 

Zj
-1 

1-jM
1-i

1

i

1-jM
i

1

iMi(j-1)

Mi (j)

ri

. 3. 

.

4) -
. .

4. ,  (j- ) -

 i- ji -

:

                                               (j)M(j)MM(j)M
ijijii

;    (7) 

C
ii

MrM ,    (8) 

i
r  –  i- ;

M  – .



,

, 2004 2 265 

i

Ui
Mi (j) 

ri

c

jM
i

1
iMi

Zi
-1 

jM
1-i

1
i

Z(i-1)j
-1 

Zj
-1 

1-jM
1-i

1
i

1-jM
i

1
i

Mi(j-1) 

Zj
-1 

j
1

Zj
-1 

T
1 M ij(j) 

M ij(j) 

. 4. 

5) . -

. 5. 

 i- ,

, ,

 (9) :

n

1i i1

i
1

r

r
)k(1VM .     (9) 

i –  ( ) i- ;

k  – ;

V  – , .

1

Ui
Mi (j) 

r

V
jM

i

1
i

Zi
-1 

jM
1-i

1
i

i

-

i

…

…

M1

M2

Mn

. 5. 

 (10): 

1i1i
rrMM , ]n,2[i ,                                            (10) 

 (11): 



,

  ISBN 7-776-8361-7 266

n

1ii
n

1ii
i

1i

1i
i

i

i
1i

1i
n

1ii
i

1i

1i
i

i

i
i

(j)M(j)M
100

r

(j)M
1

(j)M(j)M
100

r

(j)M
1(j)M argmin .(11)

6) 

.
,

 i- -

, -

.

 1 – 6 . 1. -

r  = {0,6; 0,24; 0,12; 0,04} -

 1 – 3 . 6, -

R (j) .

 4 – 6 -

 1  2, . -

. -

 0,5,  0,1, -

.

 ( ,

), :

.  (« ») -

 (  1) 

 ( ) -

 (  2) . -

ir i
r , 

 « » ri(j) i
r , . .

ir i
R .

R  2 .

. -

 (  3), . .

, , , , ,

, . ,

ir , 

, , . . ir

i
r . ,

, ,

. ,

.
ir
,

i
R R . -

R (j) , , , -

, -

. ,

.

. -

, ,  (  4) 

, -



,

, 2004 2 267 

.

. -

 ( )

, -

 ( -

 5, 6). 

. -

 (  0,5  0,1), . . -

 ( ), -

 5 , -

.

)

)

)

. 6. R (j)

R

: )  1; )  2; )  3 

( R  – R (j) )

, ,

.

R

R

R

R (j)

R (j)

R (j)

j,

j,

j,



,

  ISBN 7-776-8361-7 268

For processes multicomponent weight portion the batching, widely distributed by industry 

of mixes of loose materials, questions of increases of accuracy of conformity of these mixes to 

the given recipe due to development of algorithms of management by process on a basis of 

deeper processing of the information about a course of process are considered. On the basis of 

the machine experiments using digital imitating model portion batchers the profound compara-

tive analysis of known and offered algorithms, including for measuring instruments of weight of 

various class of accuracy is carried out. 
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U=68V)
TSiC( ), ºC 

L1=46.5  L2=36.5 L3=26.5 L1=46.5  L2=36.5 L3=26.5

H1 = 310  54,2   35,2   

H2 = 265 880 58,2 79,4  37,8 51,6  

H3 = 240   70,0   45,5  
13.1

H4 = 225 830 57,2 67,0 83,5 37,1 43,5 54,2 

H1 = 310  94,0   61,0   

H2 = 265 1020 98,5 125,6  64,0 81,6  

H3 = 240   118,5   77,0  
16.25
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H1 = 310        

H2 = 265 1070       
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By means of the developed stand measurements of operational characteristics PV - con-

verters are lead. The certain characteristics the silicon carbide heater being source IR - radia-

tions, flights a basis for calculations. Comparison of the experimental and settlement data is lead 

and the reasons of deviations are analyzed. 
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In the given work the method reengineering business is considered with the purpose of 

increase of efficiency of functioning heat-generating enterprise. 
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In the mixed economy it is possible to allocate the fine manufacturers, average manufactur-

ers, large business. These sectors will play the large role in support of the competitive relations 

in economy and faster others reacts to economic conditions, which changes. In the mixed econ-

omy the different manufacturers can function at different market structures. There are different 

types of structures caused by a different degree of maturity of the market relation: the perfect 

competition, monopoly. The basic purpose is forecasting behaviors of the manufacturer for re-

ception of the maximal profit. 
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Analogue of production functions, in the theory of automatic control, are the transfer 

functions. The specification of concepts, which concern to production functions, occurred on an 

economic basis. The production functions in themselves matter for development of the programs 

of economic development and for definition of border increase of the made product at the given 

initial resources. The sizes of factors of industrial expenses serve base at definition of optimum 

structure of the international or interregional trade. This concept underlies some theories of func-

tional distribution of the income. The production function provides half of information of general 

character necessary at definition for a degree of use of resources and structure of release, at 

which presence the maximum of profits of firm is reached. The algebraic character of functions 

of the offer depends mainly on a nature of production function.
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ary potentials – . 8 – 10. 

In article it is stated probability the approach to procedure of averaging of boundary po-

tentials. From the point of view of geometrical probability two basic are considered certainly - 

 circuits for equation Laplace, and also bilinear interpolation of a method of final 

elements on a square. It is formulated probability definition of harmonious function. 
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