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An alternative solution to the first boundary value problem for a differential
equation of hyperbolic type

The construction of an approximate solution of the first boundary value problem for a
hyperbolic type of differential equation using trigonometric splines is described. The
expression of the approximate solution in trigonometric splines is proposed as an
alternative solution, the minimization of the discrepancy is carried out by the method
of collocations.

On a rectangular domain D =[0,7]x[0,7] we consider a hyperbolic
differential equation:
ou ’u
— g === f(xp), M
oy ox
where f(x,9) and g(x,y) are some continuous functions of two variables x and
y .
Let's find a function of two variables y(x,y), which is twice continuously
differentiable with respect to both arguments in the domain D. Function y(x, y)

satisfies the equation (1) in the domain D and boundary conditions on the boundary
of D:

u(0,y)=F(»), u(z,y) = F,(y), u(0,x) = F;(x), 2
where F(y), F,(y) and F,(x) are the given functions.

On the domain D we set a grid {xl_,y/_}N‘l’M‘l where x, =ih,, y; = Jjh

i=1,j=0 ’ v

h :ﬁ’ h zi; and N, M are odd natural numbers, such that N >2,
YN M
M=2; h, hy are steps of the grip in x and y, respectively.

We will look for the solution of problem (1)-(2) in the form of a linear
combination of the product of linearly independent and twice continuously
differentiable  functions S(k,t) and S(,v), where k=0,1,.,N-1,

=12, ., M-1,

u(x,y)= sz_lak, -S(k,0)S(L,v), €
S(k,t)= % . B + Ni(o(it) -cos(ix, ) + % o((N =1)t)-cos((N —1)x, )}
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m=1

where a, are unknown coefficients.

Let the boundary conditions (2) be satisfied. In the nodes of the grid on the
boundary x = 0, we will accept:
N-1M-1

> 2y Sk0SUy)=F(v,), J=0L.. M1 )

k=0 1=0
Under conditions S(k,0)=2 for k=0 and S(k,0)=0 for k=0, the
system of equations (4) has the form:
M-1
Zzam S(y)=F(y,), J =0,1,..,.M —-1.
i=0
Solving this system, we will find coefficients a,, for [ =0,1,..,M —1.
In the nodes of the grid on the boundary x = 7, we will get

N-1M-1

> D ay-Stk,m)SUy,) = Fy(v,), =01 M~1. )

k=0 1=0
Taking into account the conditions S(k,7)=2 for k=N-1 and
S(k,7)=0 for k # N —1, the system of equations (5) takes the form

M-l
D24y, SUy) = F(y)

j=0
Solving the resulting system, we will find the unknown coefficients g, , for
[=0,1,...M —1.

At the nodal points on the boundary y =0, we get:

N-2M-1

ZZak, -S(k,xi)S(l,O) :F3(xi)a

k=1 1=0
F.(x) .
Zaw Sthx) =28, 1212, N -2,

The solutions of the obtained system of equations are coefficients ¢, ,
k=1,2,..,N-2.
Then we find second partial derivatives u’ and uyv

T lS "(k,0)-S(L,v), u T lS(k,t) 8" (L,v), ©)

k=0 1=0 k=0 [=0

where
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va(la\/)— 2 { @"(jv)-cos(jy,) - ﬂﬂ"((M v)-cos((M — l)yl)}

J=1

Sy (k,t) = {NZ "(it) - cos(ix,) —%p"((N —1)1)-cos((N -1)x, )},

cos( Jv) g’:[cos(@mM +)V) , cos(2mM — j)v)}

)= s\ QM + J) @mM—)* )
I Lo
JtoaE\@mM + )t 2mM - )
cos(zt) %’: cos((2mM +i)t) N cos((2mM —i)t)
ot = =\ (@2mN +i)’ (2mN —i)*

1 100 1 1

—+ +

it ;((2;"1\7 +i)*  (2mN - i)‘J

Substituting expressions (3) and (6) into the equation (1), we obtain:
N-1M-1

33 a[S0k,0)- S71v) - g (1) - 1, 1)- S V)= £(20). ™

k 0 /=0
We put b(k,1,t,v) = S(k,t)- S".(I,v) — > (t,v) - S (k1) - S(L,v).

Then, the system of equations (7) has the form:
N-1M-1

> ay, bk Lv) = f(1.).
k=0 1=0
Finding the coefficients g, a,,, [=0L.,M-1, and g,
k=12, ..,N -2, wewill have:
N-2M-1 M-1
Zak, b, Ltv) = £(Ev) = 3 Jagh(0.Lt,v) +ay  b(N —1,1£,v)]-
k=1 1=1 1=0
-2
S 4, b k0,1, v). )
k=1
We minimize the disconnection
N-2M-1 M-1
£= > > ay bk L,v) = f(L)+ Y [agb(0,1,6,v) +ay (N =111, v) |+
k=1 I=1 =0
N-2

+ Y a,,b(k,0,t,v) by the method of collocations and equate the disconnection in
k=1

the grid nodes to zero. Then, we get a system of the equations:

N-2M-1 M-1

3N ay bk, x,y,) = [ 8,)+ 30,1 x,, ) +ay BN =11 %, )]

k=1 I=1 1=0
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N-2
+ Za,{ob(k,o,x,.,yj) =0.
k=1
Therefore,
N-2M-1 M-1
> > an bkl x,y)= f(x,y,)- Z[aozb(oalaxiayj)+aN_ub(N—1Jaxpy,~)]

k=1 I=1 1=0

N=2
_ zakob(k,o,xi,yi), i=1,2,.,N=-2, j=0,1,...M —1.
k=1
Finding the unknown coefficients and putting them into the system (8), we
will obtain an approximation of the solution of the boundary value problem (1)-(2).

Conclusions

Constructing an approximate solution by using paired trigonometric splines
is proposed as an alternative approach to solving the first boundary value problem
for a hyperbolic type of differential equation. It is worth noting that the convergence
of approximate partial solutions of the differential equations of the hyperbolic type
constructed using approximation by trigonometric splines requires further research.
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